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Abstract Although Python has the statsmodels library that can be used to perform different sta-
tistical analyses, including multiple regression, it has not yet implemented multivariate regression
(MVR) as one of its methods. An investigator interested in conducting a multivariate regression is
thus limited to running a series of univariate regression models, which do not take into account
the collinearity among variables in the models. Thus, the purpose of this tutorial is to demonstrate
how to perform multivariate regression in Python using custom user-defined classes, and linear
hypothesis testing using statsmodels.
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Introduction

Although Python (Van Rossum & Drake Jr, 2009) has the
statsmodels (Seabold & Perktold, 2010) library that can
be used to perform different statistical analyses, including
multiple regression, it has not yet implemented multivari-
ate regression (MVR) as one of its methods. An investigator
interested in conducting a multivariate regression is thus
limited to running a series of univariate regressionmodels,
which do not take into account the collinearity among vari-
ables in themodels. When there is more than one response
variable, the response variables may be correlated, thus,
it is desirable to incorporate this correlation structure into
the regression analysis (Wu&Qui, 2021). Thus, the purpose
of this tutorial is to demonstrate how to performmultivari-
ate regression in Python using custom user-defined classes,
and linear hypothesis testing using statsmodels.

To start out discussions, we briefly explain the simi-
larities and differences between multiple regression (MR)
and MVR because of the confusion between these similar
approaches. Multivariate regression refers to regression
models that use two or more responses or dependent vari-
ables (Hidalgo & Goodman, 2013), irrespective of the num-
ber of predictor variables. When multiple predictors are
used with a single dependent or outcome variable in a re-
gression analysis, we call that statistical model a multiple

regression. We will use matrix notation in our discussion
of the similarities and differences because that will make it
much easier for the exposition. The notations for multiple
and multivariate regression are:

MR:Yn× 1 = Xn× (p + 1)B(p + 1)× 1 + En× 1

MVR: Yn×m = Xn× (p + 1)B(p + 1)×m + En×m
(1)

where
• Y for MR is a column vector of n rows of observations
and a single outcome, nx1. However, for MVR, Y is an
nxm column vector representingn rows of cases across
m columns of responses.

• X represents the model or design matrix. For both MR
and MVR, the designmatrix has n rows of cases by p col-
umn(s) of predictor(s) and a column vector of ones for
the regression constant or intercept.

• For MR,B is a matrix of coefficient(s) with p column(s),
one for each predictor, plus a column for the intercept
coefficient. For MVR, just like MR, there are p coeffi-
cient(s), one for each predictor, and a column vector
for the intercept term. However, because MVR is multi-
response in nature, it has p xm coefficients; that is, it
has p coefficient(s) for eachm response variable.

• E: There is only a single error term inMR, because there
is only one outcome variable. However, because MVR
hasm outcomes, there are asmany randomerror terms
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Listing 1 Reading the data

# import the modules
import pandas as pd
import numpy as np

class Figure:
value = 0
def __new__(cls, caption):

cls.value += 1
print(f"Figure {cls.value}\n\n{caption.title()}")

# read the data
dfile_path = "D:/--data/covid/covid2020-df5.csv"
df = pd.read_csv(dfile_path)
Figure("View of all Columns and First Three Rows of the Data")
print(df.head(3).to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center", index=False))

##Figure 1
##View of all Columns and First Three Rows of the Data
## | p_health | m_health | agegrp | gender | educ | ss_concerns | p_concerns |
## |------------|------------|----------|----------|--------|---------------|--------------|
## | 2.00 | 3.00 | 2.00 | 0.00 | 0.00 | 6.00 | 6.00 |
## | 1.00 | 2.00 | 2.00 | 1.00 | 1.00 | 6.00 | 9.00 |
## | 2.00 | 2.00 | 3.00 | 0.00 | 0.00 | 4.00 | 5.00 |

as there are outcomes. Simply put, each outome,m, has
a random error term.
Both analytic approaches (MR and MVR) can have one

or more predictors, in which case p ≥ 1. In the case of MR,
when p = 1, it is a simple linear regression, whereas for
MVR when p = 1 we have a simple multivariate linear re-
gression. However, for the purposes of this tutorial, we are
going to focus on the case where p > 1.

In short, what equation (1) shows is thatMR involves the
use of one and only one outcome variable acrossn observa-
tions, whereasMVR involvesm response variables acrossn
observations. Specifically, MVR is a multivariate model be-
cause it hasm > 1 response variables. As well, because MR
has only one response variable, it has only one set of p co-
efficients plus the intercept. On the other hand, MVR hasm
response variables, with p predictors, making a p xm ma-
trix of coefficients plus the intercept. The vector of random
errors for MVR, εmi=1, is assumed to follow a multivariate
normal distribution ε Nm(0,Σ), and the covariance ma-
trix, Σ, measures variances and correlations between the
m response variables.

Method

Illustrative Example: Data and Measures

Data on a 20,253 households with children aged 6-to-14
years from the Crowdsourcing: Impacts of COVID-19 on

Canadians’ Parenting During the Pandemic Public Use Mi-
crodata File (Statistics Canada, 2020) were used. Refer to
Appendix A for more information on the data preprocess-
ing steps.
Response Variables Parents rated (1 = not at all) to (4 =
extremely) their concerns about the general physical and
mental health of child(ren).
Parental socio-demographic factors Gender was coded
(male: 1, female: 0). Attended University (yes: 1, no: 0).
Age, categorized as (1: 15 to 34 years old, 2: 35 to 44 years
old, 3: 45 to 54 years old, and 4: 55 and older) was treated
like a Likert-type ordinal variable.
Social support and parenting concerns Each measure
was a summation of three questions rated (1 = not at all)
to (4 = extremely) that asked, inter alia, about parental con-
cerns staying connectedwith family/friends, andmanaging
child’s behavior and emotions.

Reading the Data

In the first Listing, we import Pandas (McKinney, 2010;
The Pandas Development Team, 2023) and Numpy (Har-
ris et al., 2020) Python libraries for reading data, data
manipulation and computation. All analyses and writing
were completed in RStudio using RMarkdown (Posit Team,
2023). The reticulate library (Ushey et al., 2023) in
R was used as an interface to Python because it enables
calling Python from R Markdown, and the importation of
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Listing 2 Checking multivariate normality and homogeneity of variance

from pingouin import multivariate_normality
from pingouin import box_m

# perform the Henze-Zirkler Multivariate Normality Test
Figure("Test of multivariate normality")
print(multivariate_normality(df, alpha=.05))

# box m test for homogeneity of variances
# iterate and collect results in a dictionary
boxm = {}
for i in ["agegrp", "gender", "educ"]:

boxm[i] = box_m(df, dvs=['p_health', 'm_health'], group=i)

# concatenate results into a dataframe and print
out = pd.concat([v for k,v in boxm.items()], axis=0)
out.insert(loc=0, column="vars", value=["agegrp", "gender", "educ"])
Figure("Test of Homogeneity")
print(out.to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center"))

##Figure 2
##Test of Multivariate Normality
## HZResults(hz=826.8271426851385, pval=0.0, normal=False)

##Figure 3
##Test of Homogeneity
## | | vars | Chi2 | df | pval | equal_cov |
## |-----|--------|--------|------|--------|-------------|
## | box | agegrp | 13.06 | 9.00 | 0.16 | True |
## | box | gender | 2.18 | 3.00 | 0.54 | True |
## | box | educ | 66.38 | 3.00 | 0.00 | False |

Python modules.

Check multivariate normality and homogeneity of variance

We can check multivariate normality and homogeneity of
variance assumptions using the pingouin library (Vallat,
2018), as seen in Listing 2.

The outputs in Figures 2 and 3 show that the data is
not multivariate normal and that some of the variables
violate the assumption of homogeneity of variance. Un-
der heteroscedasticity, the OLS estimator gives unbiased
and consistent coefficient estimates, but the estimator is
biased for standard errors. A remedy is to adjust for het-
erogeneity of variances by using robust standard error
esimators to obtain unbiased standard errors (Mansour-
nia et al., 2021). Under homogeneity of variance, the OLS
method for estimating standard errors can be expressed as:
(X ′X)−1(X ′ΩX)(X ′X)−1 where Ω is an identity matrix
of the residual standard error, σ2In. However, with hetero-
geneity of variance, different variants of ’robust standard
errors’ estimators can be constructed and substituted for

the estimate ofΩ. For example, the HC3 esimator (MacKin-
non&White, 1985) given asHC3 = µ̂i

2/(1− hii)
2; where:

n (number of observations), h (hat values from the hat ma-
trix), and µ̂i

2 (the squared residuals) can be used for small
and large samples.

Results

Importing the Multivariate Regression Modules

We have three Python classes: MVImputer, BaseMLM,
andMLM. The classeswerewritten by the authorwith acces-
sibility in mind. To import these modules as shown below,
the module files have to be placed in the working directory
of one’s project.

# import classes for multivariate regression
from mvimputer import MVImputer
from mlm import BaseMLM
from mlm import MLM
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Listing 3 Running the MVR analyses (first part)

# run mlm class, indicating the data, the number of responses
# the starting index position of predictors and error type
mvr = MLM(data=df, endog=2, exog=2, errortype="HC3") # HC3 robust std error
etable, ftable, loglik = mvr.model_summary # unpack the tuple output

# print goodness of fit stats
Figure("Goodness of Fit")
print(ftable.to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center"))

# print the regression estimates
for key, vals in etable.items():

Figure(f"{key} regression output")
print(etable[key].to_markdown(tablefmt="github", floatfmt=(".2f"),
stralign="center", numalign="center"))

##Figure 4
##Goodness of Fit
## | | K | DFE | RSE | DF1 | DF2 | F | P-Value | RSQ | Adj. RSQ |
## |----------|------|----------|-------|-------|----------|---------|-----------|-------|------------|
## | p_health | 6.00 | 20247.00 | 0.81 | 5.00 | 20247.00 | 492.89 | 0.00 | 0.11 | 0.11 |
## | m_health | 6.00 | 20247.00 | 0.73 | 5.00 | 20247.00 | 1882.24 | 0.00 | 0.32 | 0.32 |

##Figure 5
##P_Health Regression Output
## | | Est. | Robust SE | t | Pr(>|t|) | 0.025 | 0.975 | Std Est. |
## |-------------|--------|-------------|--------|------------|---------|---------|------------|
## | intercept | 0.90 | 0.03 | 26.90 | 0.00 | 0.84 | 0.97 | 0.00 |
## | agegrp | 0.11 | 0.01 | 10.45 | 0.00 | 0.09 | 0.13 | 0.07 |
## | gender | 0.01 | 0.02 | 0.70 | 0.48 | -0.02 | 0.05 | 0.00 |
## | educ | -0.14 | 0.01 | -10.57 | 0.00 | -0.17 | -0.12 | -0.07 |
## | ss_concerns | 0.10 | 0.00 | 28.22 | 0.00 | 0.10 | 0.11 | 0.25 |
## | p_concerns | 0.04 | 0.00 | 10.87 | 0.00 | 0.03 | 0.04 | 0.09 |

##Figure 6
##M_Health Regression Output
## | | Est. | Robust SE | t | Pr(>|t|) | 0.025 | 0.975 | Std Est. |
## |-------------|--------|-------------|--------|------------|---------|---------|------------|
## | intercept | 0.63 | 0.03 | 21.86 | 0.00 | 0.58 | 0.69 | 0.00 |
## | agegrp | 0.07 | 0.01 | 7.92 | 0.00 | 0.05 | 0.09 | 0.05 |
## | gender | -0.04 | 0.02 | -2.53 | 0.01 | -0.08 | -0.01 | -0.01 |
## | educ | -0.17 | 0.01 | -13.83 | 0.00 | -0.19 | -0.14 | -0.08 |
## | ss_concerns | 0.12 | 0.00 | 37.25 | 0.00 | 0.11 | 0.13 | 0.28 |
## | p_concerns | 0.14 | 0.00 | 46.07 | 0.00 | 0.13 | 0.14 | 0.35 |

The MVImputer MVImputer, a wrapper around scikit-
learn’s IterativeImputer (Pedregosa et al., 2011) for
missing values imputation, has the fit and transform
methods. The fitmethod runs the imputation algorithm,
and the transform method is used to fill in the missing
values computed by the fit method. The MVImputer re-
turns a single imputation. To return multiple imputations,
the MVImputer can be applied to the same data in a num-
ber of loops and the output saved in a dictionary or list of
dataframes. SeeAppendix A: Data Pre-processing for how to
use theMVImputer formultiple imputation, andAppendix
B for the class definition.
The BaseMLM class It is the Parent class for MVR, and it
is where all the computation for the multivariate analysis
is done. It has the following methods: (a) the beta meth-
ods: for computing unstandardized and standardized re-
gression weights; (b) the sums of squares methods: for com-
puting sum of squares and cross-products total, regression,
and residual; (c) the variance and statistical methods: for

computing residual variance, residual standard error, co-
efficient of determination, F-statistic, variance-covariance
matrix, robust standard errors, t-statistic, p-value, and con-
fidence intervals; and (d) loglikelihood methods: for com-
puting the -loglikelihood, AIC and BIC. See Appendix C for
the class definition.
The MLM class It is the Child class of the BaseMLM class.
It has three methods: (a) model estimates: compiles a
summary of the multivariate regression – regression co-
efficients, standard errors, t-statistics, p-value, 95% confi-
dence interval, and standardized regression coefficients;
(b) model stats: gets a summary of the model statistics –
residual standard error and associated degrees of freedom,
the F-statistics, its degrees of freedom and p-value, the r-
squared and adjusted-rsquared; and (c) model_summary:
provides a summary of model coefficient estimates, and
goodness of fit indices. The model_summary is the
method that should be called to run themultivariate regres-
sion. It outputs a tuple of three tables – model estimates,
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Listing 4 Running the MVR analyses (continued)

# print -2loglik, aic and bic
Figure("-2loglik, AIC, BIC")
print(loglik.to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center"))

##Figure 7
##-2Loglik, AIC, BIC
## | | -2logLik | AIC | BIC |
## |----------|------------|----------|----------|
## | p_health | -24518.16 | 49048.00 | 49096.00 |
## | m_health | -22351.41 | 44715.00 | 44762.00 |

model statistics, and model -loglikelihood, AIC and BIC es-
timates. See Appendix C for the class definition.

The MVR Analyses

To run the multivariate analyses (see Listings 3 and 4), we
initialize the MLM class and then call the model_summary
method. The MLM class has the following arguments:
data, endog (the responses), exog (the predictors) and
errortype (type of standard error estimate). The endog
parameter should indicate the number of response vari-
ables, and the exog parameter must be the same value as
the endog parameter. All this has to do with how Python
does its indexing, starting from zero and counting up to,
but excluding the last index value. In the example below,
endog = 2means Python will read the first two columns
in the data as including index 0 and 1, but not 2; exog =
2 means start indexing the predictors from column index
number 2 to the end, after counting from 0 and 1.

As well, we choose errortype = HC3. There are
five errortypes (standard, HCO, HC1, HC2, and HC3),
with standard (the default), being a non-robust standard
error. For more information about robust standard errors,
refer to the following papers (Hayes & Cai, 2007; MacKin-
non & White, 1985; Mansournia et al., 2021). The MVR data
must include only the variables to be used in the model,
with the response variables in the firstN columns, and the
predictors in the last N columns after the response vari-
ables.

The p-values for the F statistic (Figure 4) for both phys-
ical (F5,20247 = 492.894, p < .0001) and mental health
(F5,20247 = 1882.24, p < .0001) suggests that there is an
association between at least one of the predictors and the
two response variables. R2 was 0.11 and 0.32 for physical
and mental health, respectively.

The outputs (Figures 5 and 6 with 95% confidence in-
terval) suggest that age group was positively assciated
with physical (β = 0.11, [0.09, 0.13]) and mental health
(β = 0.07, [0.05, 0.09]). Gender was not significantly as-

sociated with physical health (β = 0.01, [−0.02, 0.05]),
but was negatively correlated with mental health (β =
−0.04, [−0.08,−0.01]). Education had a significant nega-
tive effect on physical (β = −0.14, [−0.17,−0.12]) and
mental health (β = −0.17, [−0.19,−0.14]). Social sup-
port concerns were positively associated with children’s
physical (β = 0.10, [0.10, 0.11]) and mental health (β =
0.12, [0.11, 0.13]). Parenting concerns were positively cor-
relatedwith children’s physical (β = 0.04, [0.03, 0.04]) and
mental health (β = 0.14, [0.13, 0.14]).

Linear Hypothesis Testing

Hypothesis is conducted using the mv_test() function,
which takes three arguments: L, M, and C. The L is the left-
hand side contrast matrix. If 2D array, each row is an hy-
potheses and each column is an independent variable. At
least 1 row (1 by the number of independent variables) is
required. M is also the left hand side transform matrix. If
None or left out, it is set to a k_endog by k_endog iden-
tity matrix (i.e. do not transform y matrix). C is the right-
hand side constant matrix. if None or left out it is set to a
matrix of zeros. It must have the same number of rows asL
and the samenumber of columns asM. See themv_test()
guide for more information.
1. Global test of association We consider whether there
is a linear association between the response variables and
the predictor variables. Specifically, we consider the null
hypothesis that none of the predictors are correlated with
the responses, H0: β1 = β2, ..., β5 = 0. We do not wish to
include β0 = 0 in the hypothesis because that would re-
strict all the responses to have intercepts of zero.

To run the mv_test(), we first run the
_MultivariateOLS.from_formula model state-
ment as shown below. There are two response vari-
ables (p_health and m_health) on the left hand
side of the tilde (˜) sign. The predictor variables
(age_group, gender, education, soc_concerns
and par_concerns) are on the right hand side of the
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Listing 5 Performing global tests of association

# Import the modules for the hypothesis testing
from statsmodels.multivariate.manova import MANOVA
from statsmodels.multivariate.multivariate_ols import _MultivariateOLS

# run the manova formula function
mod = _MultivariateOLS.from_formula("p_health + m_health ~ agegrp + gender + "

"educ + ss_concerns + p_concerns", df)

# the hypothesis matrix
L = ["agegrp", "gender", "educ", "ss_concerns, p_concerns"]
M = None
C = None

# fit the model, run the hypothesis test and print the test output
r = mod.fit(method="svd")
r0 = r.mv_test(hypotheses=[("Global test of association", L, M, C)])
Figure("Global test of association")
print(r0.summary(show_contrast_L=False, show_transform_M=False, show_constant_C=False))

##Figure 8
##Global Test of Association
## Multivariate linear model
## ======================================================================
##
## ----------------------------------------------------------------------
## Global test of association Value Num DF Den DF F Value Pr > F
## ----------------------------------------------------------------------
## Wilks' lambda 0.6690 10.0000 40492.0000 901.1994 0.0000
## Pillai's trace 0.3357 10.0000 40494.0000 816.9263 0.0000
## Hotelling-Lawley trace 0.4875 10.0000 30366.2501 986.9412 0.0000
## Roy's greatest root 0.4723 5.0000 20247.0000 1912.5904 0.0000
## ======================================================================

tilde sign. If there are no arguments in the mv_test()
function, it defaults to testing the effect of each indepen-
dent variable on the response variables, assuming a null
hypothesis of no linear association. Multivariate test statis-
tics for each of the predictors, including the intercept are
then produced.

The results, Figure 8, suggests rejecting the null hypoth-
esis of no association because all the p-values associated
with the F statistic are significant. MANOVA test statistics
are affected by the violation of homogeneity of covariance
and normality assumptions. For example, Wilks’ lambda
and Hotelling’s trace are sensitive to violations of homo-
geneity of covariances in smaller samples and Roy’s largest
root increases the likelihood of Type I errors. Thus, Olson
(1976) recommends Pillai’s trace for general use and Ateş
et al. (2019) also suggested that Pillai’s trace gives more ro-
bust results in the case of homogeneous and heterogeneous
variances.

2. Identical slopes for physical and mental health We
test if the intercepts and slopes are identical for the re-
sponse variables. We are testing the null hypothesis that
H0: β01 = β02, β11 = β12, ..., β15 = β25. The L matrix for
this test is an an identity matrix of dimension 6 (I6). The L
matrix can be specified using the names of the predictors
as shown below. The Mmatrix is a two row-matrix with an
element in each row. The element in the first row is asso-
ciated with the first response variable, and the element in
the second row is for mental health. Just like the Lmatrix,
the names of the response variables can be used.

The output in Figure 9 above indicates that at least one
of the regression slopes for physical and mental health are
not identical given that p < .0001 for all the fourmultivari-
ate tests.
3. Equality of predictor coefficients for responses We
are interested in assessing if the effects of each predictor
on each of the responses, controlling for other predictors
are equal; that is, if βij = βik , where ij represents the ef-
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Listing 6 Running tests of slopes

# the hypothesis matrix
L = ["Intercept", "agegrp", "gender", "educ", "ss_concerns, p_concerns"]
M = ["p_health - m_health"]
C = None

# run the hypothesis and print the output
r1 = r.mv_test(hypotheses=[("Identical slopes for responses", L, M, C)])
Figure("Identical slopes for responses")
print(r1.summary(show_contrast_L=False, show_transform_M=False, show_constant_C=False))

##Figure 9
##Identical Slopes for Responses
## Multivariate linear model
## =========================================================================
##
## -------------------------------------------------------------------------
## Identical slopes for responses Value Num DF Den DF F Value Pr > F
## -------------------------------------------------------------------------
## Wilks' lambda 0.6408 6.0000 20247.0000 1891.5177 0.0000
## Pillai's trace 0.3592 6.0000 20247.0000 1891.5177 0.0000
## Hotelling-Lawley trace 0.5605 6.0000 20247.0000 1891.5177 0.0000
## Roy's greatest root 0.5605 6.0000 20247.0000 1891.5177 0.0000
## =========================================================================

fects of predictor i on response j, and ik represents the ef-
fects of the same predictor i on response k. For illustrative
purposes, wewill look at the coefficients for gender and ed-
ucation.

Figure 10 suggests that the coefficients associated with
gender for physical (β = 0.01) and mental health (β =
−0.04) are significantly different from each other. Next,
we examine the equality of education effects on the re-
sponses.

Figure 11 shows that the coefficients associatedwith ed-
ucation for physical (β = −0.14) and mental health (β =
−0.17) are not significantly different from each other.

Discussion

The goals of this tutorial were two-fold: to show how to
perform a multivariate regression using custom-defined
classes in Python and to demonstrate how to conduct lin-
ear hypothesis testing using the statsmodels library. To con-
duct the multivariate regression in Python, the author de-
fined three classes: MVImputer, BaseMLM, and MLM. The
MVImputer class could be used for multivariate missing
values imputation; the BaseMLM class does all the compu-
tation for the multivariate regression; and the MLM class
summarizes all the outputs from the BaseMLM class. A
limitation of the BaseMLM class is that an interaction term
cannot be specified directly in the model. A work-around
would be to include the interaction termas a predictor vari-

able in the data one intends to use. Additionally, using the
statsmodels library, this tutorial was able to demonstrate
how to test multivariate hypothesis about regression coef-
ficients.

In conclusion, via this tutorial, we hope to have pro-
vided the reader with an accessible way to conduct multi-
variate regression in Python and test hypothesis about co-
efficients. As a corollary, we also hope that this tutorial en-
courages the reader in their to journey to learn and write
code with Python.
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Listing 7 Testing equality of predictor coefficients (first part)

# the hypothesis matrix
L = ["gender"]
M = ["p_health - m_health"]
C = None

# run the hypothesis and print the output
r2 = r.mv_test(hypotheses=[("Equal gender coefs for responses", L, M, C)])
Figure("Equal gender coefs for responses")
print(r2.summary(show_contrast_L=False, show_transform_M=False, show_constant_C=False))

##Figure 10
##Equal Gender Coefs for Responses
## Multivariate linear model
## =========================================================================
##
## -------------------------------------------------------------------------
## Equal gender coefs for responses Value Num DF Den DF F Value Pr > F
## -------------------------------------------------------------------------
## Wilks' lambda 0.9996 1.0000 20247.0000 7.3540 0.0067
## Pillai's trace 0.0004 1.0000 20247.0000 7.3540 0.0067
## Hotelling-Lawley trace 0.0004 1.0000 20247.0000 7.3540 0.0067
## Roy's greatest root 0.0004 1.0000 20247.0000 7.3540 0.0067
## =========================================================================
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Listing 8 Testing equality of predictor coefficients (continued)

# the hypothesis matrix
L = ["educ"]
M = ["p_health - m_health"]
C = None

# run the hypothesis and print the output
r3 = r.mv_test(hypotheses=[("Equal educ coefs for responses", L, M, C)])
Figure("Equal education coefs for responses")
print(r3.summary(show_contrast_L=False, show_transform_M=False, show_constant_C=False))

##Figure 11
##Equal Education Coefs for Responses
## Multivariate linear model
## =======================================================================
##
## -----------------------------------------------------------------------
## Equal educ coefs for responses Value Num DF Den DF F Value Pr > F
## -----------------------------------------------------------------------
## Wilks' lambda 0.9999 1.0000 20247.0000 2.6817 0.1015
## Pillai's trace 0.0001 1.0000 20247.0000 2.6817 0.1015
## Hotelling-Lawley trace 0.0001 1.0000 20247.0000 2.6817 0.1015
## Roy's greatest root 0.0001 1.0000 20247.0000 2.6817 0.1015
## =======================================================================

Appendix A: Data Pre-processing

# ------------------------------------------------------------------ #
# Data Pre-Processing #
# ------------------------------------------------------------------ #

# import data
#============
# import the modules
import pandas as pd
import numpy as np

# class to automate table numbers
class Table:

value = 0
def __new__(cls, caption):

cls.value += 1
print(f"Table {cls.value}: {caption}")

# cols to use in analysis
subset_cols = ["HSI_10A", "HSI_10B", "DEM_10", "PED_05", "PFC_G2", "PAGE",

"HSI_15A", "HSI_15B", "HSI_15E", "HSI_15C", "HSI_15D", "HSI_15F"]

dfile_path = "D:/--data/covid/iccpdp2020rccpdp_p.csv"
df = pd.read_csv(dfile_path)[subset_cols]
Table("View of selected data columns")
print(df.iloc[:, 0:9].head(3).to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center", index=False))

# get the descriptives for the data
# ============================================================================
# variable labels
var_labels = ["chd: general physical health", "chd: general mental health",

"gender benchmarked to sex", "highest educ completed",
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"liv'n household: 6 to 14 yrs old", "age group",
"staying connected fam/friends", "getting along/supporting each other",
"feelng lonely in home", "balancing chdcare/school/work",
"managing chd beh/emotions", "having less patience with chd"]

# get descriptives, drop some columns and add variable labels
desc = df.describe(include="all").T
desc.drop(columns=["25%", "50%", "75%"], inplace=True)
desc.insert(loc=0, column="vlabels", value=var_labels)
Table("Descriptives")
print(desc.to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center"))

# get unique values for all columns
# =================================
Table("Unique data values")
df.apply(lambda x: np.sort(x.unique()))

# create a mask and remove all values greater than or equal to 5
# ==============================================================
msk = df.ge(5).any(axis=1)
df2 = df[~msk]

# select responses for 6 to 14 yr old households
# ==============================================
df3 = df2[df2["PFC_G2"] == 2]

# get the descriptives again after dropping observations
# ======================================================
desc2 = df3.describe(include="all").T
desc2.drop(columns=["25%", "50%", "75%"], inplace=True)
desc2.insert(loc=0, column="vlabels", value=var_labels)
Table("Descriptives - cleaned data")
print(desc2.to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center"))

# dummify columns
# ===============
def dummify(d):

# dummy-code two variables using dictionary comprehension
lst1 = ["DEM_10"]
lst2 = ["PED_05"]
# recode 2 into 0, 1 = 1
d2 = {c: d[c].apply(lambda x: 0 if x == 2 else 1) for c in lst1}
# recode 1 into 0, 2 into 1
d3 = {c: d[c].apply(lambda x: 0 if x == 1 else 1) for c in lst2}
d2b = pd.concat([v for v in d2.values()], axis=1)
d3b = pd.concat([v for v in d3.values()], axis=1)
dfs = [d2b, d3b]
# add suffix to new variable names before merging them
dfs = [dfs[i].add_suffix("_") for i, c in enumerate(dfs)]
return d.join(dfs[0:])

# call dummify function
df4 = dummify(df3)
Table("View of dummy-coded variables")
df4.apply(lambda x: np.sort(x.unique())).tail(2)

# a. import the imputation class
# ==============================
from mvimputer import MVImputer

# b. check columns for missing values
print(df4.isnull().sum())
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# c1. single data imputation
mvi = MVImputer(random_state=None)
df4 = mvi.fit_transform(df4)

# c2. 5 multiple data imputations saved in dict
mvi = MVImputer(random_state=None)
dframes = {d: mvi.fit_transform(df4) for d in range(5)}

# d1. verify single data imputation
print(df4.isnull().sum())

# d2. verify multiple data imputation
for k, v in dframes.items():

print(k, v.isnull().sum())

# summation index for social support and parenting concerns
# =========================================================
df4["ss_concerns"] = np.sum(df4[["HSI_15A", "HSI_15B", "HSI_15E"]], axis=1)
df4["p_concerns"] = np.sum(df4[["HSI_15C", "HSI_15D", "HSI_15F"]], axis=1)

# rename columns using dictionary comprehension
col_names = {"HSI_10A": "p_health", "HSI_10B": "m_health",

"PAGE": "agegrp", "DEM_10_": "gender",
"PED_05_": "educ"}

df4.columns = [col_names.get(x, x) for x in df4.columns]

# columns to drop: dummified columns, subset for children, summation index cols
cols_to_drop = ["DEM_10", "PED_05", "PFC_G2", "HSI_15A", "HSI_15B",

"HSI_15E","HSI_15C", "HSI_15D", "HSI_15F"]
df5 = df4.drop(columns=cols_to_drop)

var_labels = ["chd: general physical health", "chd: general mental health",
"age group", "gender benchmarked to sex", "highest educ completed",
"social support concerns", "parenting concerns"]

desc3 = df5.describe(include="all").T
desc3.drop(columns=["25%", "50%", "75%"], inplace=True)
desc3.insert(loc=0, column="vlabels", value=var_labels)
Table("Descriptives of subsetted data")
print(desc3.to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center"))

# compute correlations
# ====================
corr = df.corr(method="pearson")
Table("Correlations among variables")
print(corr.to_markdown(tablefmt="github", floatfmt=(".2f"),

stralign="center", numalign="center"))

Appendix B: MVImputer class

# ------------------------------------------------------------------- #
# Class for multivariate imputation, that imputes missing values as a #
# function of all other variables in the model #
# ------------------------------------------------------------------- #

# mising values imputation
from sklearn.experimental import enable_iterative_imputer
from sklearn.impute import IterativeImputer
from sklearn.base import BaseEstimator, TransformerMixin

# class for missing data imputation
# ===================================================
class MVImputer(BaseEstimator, TransformerMixin):
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"""
A multivariate imputation approach
:returns: A DataFrame of imputed values.
"""
def __init__(self, random_state=None, fill='NA'):

self.random_state = random_state
self.fill = fill

def fit(self, X, y=None):
categorical_dtypes = ['object', 'category', 'bool']
numerical_dtypes = ['float', 'int']
for col in X.columns:

if X[col].dtype.name in categorical_dtypes:
self.fill = X.mode().iloc[0]

elif X[col].dtype.name in numerical_dtypes:
min_val = X[col].min(axis=0)
max_val = X[col].max(axis=0)
imputer = (IterativeImputer(max_iter=10,

random_state=self.random_state,
min_value=min_val,
max_value=max_val))

self.fill = imputer.fit(X)
return self

def transform(self, X, y=None):
return X.fillna(self.fill)

Appendix C: BaseMLM and MLM classes

# ------------------------------------------------------------------- #
# Parent BaseMLM Class and Child MLM Class that Runs the Multivariate #
# Regression in Python #
# ------------------------------------------------------------------- #

# import the modules
import pandas as pd
import numpy as np
from numpy.linalg import inv, qr, solve, lstsq

import scipy.stats as stats
from scipy.linalg import solve_triangular

# multivariate anova test
from statsmodels.multivariate.manova import MANOVA
from statsmodels.multivariate.multivariate_ols import _MultivariateOLS

# BaseMLM class for multivariate linear model
# ==========================================================================
class BaseMLM:

"""
A Multivariate Linear Model (MLM) class that implements methods for
MLM estimation.
:return: Methods for MLM.
"""

def __init__(self, data, endog=2, exog=2, errortype="standard"):
self.data = data
self.endog = endog
self.exog = exog
self.errortype = errortype

self.y = self.data.iloc[:, :self.endog]
self.X = self.data.iloc[:, self.exog:]
self.X.insert(0, 'intercept', np.ones((len(self.X),), dtype=int))
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self.nobs = self.y.shape[0]
self.nvars = self.X.shape[1]
self.dfe = self.nobs - self.nvars
self.dfr = self.nvars - 1
self.H = self.X.dot(inv(self.X.T.dot(self.X)).dot(self.X.T))

self.beta = self._beta()
self.std_beta = self._std_beta()

self.yhat = np.dot(self.X, self.beta)
self.ybar = pd.DataFrame([self.y.mean()] * self.y.shape[0])

self.sscp_tot = self._sscp_tot()
self.sscp_reg = self._sscp_reg()
self.resid = self.y - self.yhat
self.sscp_resid = self._sscp_resid()
self.ev = self.sscp_resid / self.dfe
self.resid_var = self._resid_var()
self.rse = self._rse()

self.rsquared = self._rsquared()
self.fstats = self._fstats()
self.all_stats = self._all_stats()

self.vcov = self._vcov()
self.se = self._se()
self.tstats = self._tstats()
self.pvalue = self._pvalue()
self.confints = self._confints()
self.loglik = self._loglik_aic_bic()

def _beta(self):
if len(self.y.shape) == 1 or self.y.shape[1] == 1:

raise ValueError("There must be more than one response variable"
"to fit a multivariate linear model")

Q, R = qr(self.X)
beta = pd.DataFrame(solve_triangular(R, Q.T.dot(self.y)))
beta.columns = list(self.y.columns)
beta.index = list(self.X.columns)
return beta

def _std_beta(self):
sx = np.std(self.X, axis=0)
sy = np.std(self.y, axis=0)
stdB = self.beta.mul(sx, axis=0) / sy
return stdB

def _sscp_tot(self):
total = self.y - self.ybar
sscp_tot = pd.DataFrame(np.dot(total.T, total))
sscp_tot.columns = list(self.y.columns)
sscp_tot.index = list(self.y.columns)
return sscp_tot

def _sscp_reg(self):
reg = self.yhat - self.ybar
sscp_reg = pd.DataFrame(np.dot(reg.T, reg))
sscp_reg.columns = list(self.y.columns)
sscp_reg.index = list(self.y.columns)
return sscp_reg

def _sscp_resid(self):
sscp_resid = pd.DataFrame(np.dot(self.resid.T, self.resid))
sscp_resid.columns = list(self.y.columns)
sscp_resid.index = list(self.y.columns)
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return sscp_resid

def _resid_var(self):
evar = pd.DataFrame(np.diag(self.ev), columns=["evar"], index=[list(self.y.columns)])
evar[["k", "dfe"]] = [self.nvars, self.dfe]
cols = ["k", "dfe", "evar"]
evar = evar[cols]
evar.index = evar.index.get_level_values(0)
return evar

def _rse(self):
rse = pd.Series(np.sqrt(np.diag(self.ev)), name="rse")
rse.index = list(self.y.columns)
return rse

def _rsquared(self):
R2 = pd.Series(1 - self.resid.var() / self.y.var(), name='r2')
R2.index = list(self.y.columns)
adjR2 = pd.Series(1 - (1 - R2) * ((self.nobs - 1) / (self.nobs - self.nvars - 1)), name='adjr2')
adjR2.index = list(self.y.columns)
rsquare = round(pd.concat([R2, adjR2], axis=1), 3)
return rsquare

def _fstats(self):
# F = (R2 / dfr) / ((1 - R2) / dfe)
F = np.diag( (self.sscp_reg / self.dfr) / (self.sscp_resid / self.dfe) )
# find p-value of F test statistic
p = np.round(1 - stats.f.cdf(F, dfn=self.dfr, dfd=self.dfe), 5)
fstat = round(pd.DataFrame([F, p]).T, 3)
fstat[["num", "denom"]] = [self.dfr, self.dfe]
fstat.index = list(self.y.columns)
fstat.columns = ["f-stat", "p-value", "num", "denom"]
cols = ["num", "denom", "f-stat", "p-value"]
fstat = fstat[cols]
return fstat

def _all_stats(self):
resid_var_rse = self.resid_var.merge(self.rse, left_index=True, right_index=True)
fstat_rsq = pd.concat([self.fstats, self.rsquared], axis = 1)
resid_var_fstat_rsq = resid_var_rse.merge(fstat_rsq, left_index=True, right_index=True)
return resid_var_fstat_rsq

def _vcov(self):
rnames = list(self.beta.index)
if self.errortype == "standard":

evd = np.diag(self.ev)
vcv = {}
for i in evd:

vcv[i] = pd.DataFrame([i] * inv(self.X.T @ self.X))
for v in vcv.values():

v.columns = rnames
v.index = rnames

return vcv
elif self.errortype == "HC0":

hc0 = self.resid**2
vcv = {}
for col in hc0:

vcv[col] = (inv(self.X.T @ self.X) @ self.X.T * hc0[col] @ self.X
@ inv(self.X.T @ self.X))

for v in vcv.values():
v.columns = rnames
v.index = rnames

return vcv
elif self.errortype == "HC1":

hc1 = self.resid**2
vcv = {}
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for col in hc1:
vcv[col] = ((self.nobs / (self.nobs - self.nvars - 1)) * (inv(self.X.T @ self.X) @

self.X.T * hc1[col] @ self.X @ inv(self.X.T @ self.X)))
for v in vcv.values():

v.columns = rnames
v.index = rnames

return vcv
elif self.errortype == "HC2":

hc2 = np.transpose(np.transpose(self.resid**2) / (1 - np.diag(self.H)))
vcv = {}
for col in hc2:

vcv[col] = (inv(self.X.T @ self.X) @ (self.X.T * (hc2[col]) @ self.X)
@ inv(self.X.T @ self.X))

for v in vcv.values():
v.columns = rnames
v.index = rnames

return vcv
elif self.errortype == "HC3":

hc3 = np.transpose(np.transpose(self.resid**2) / (1 - np.diag(self.H))**2)
vcv = {}
for col in hc3:

vcv[col] = (inv(self.X.T @ self.X) @ (self.X.T * (hc3[col]) @ self.X)
@ inv(self.X.T @ self.X))

for v in vcv.values():
v.columns = rnames
v.index = rnames

return vcv

def _se(self):
if self.errortype == "standard":

vcv = self.vcov
SE = {}
for idx, vals in vcv.items():

SE[idx] = pd.DataFrame(np.sqrt(np.diag(vals)))
SE[idx].index = list(self.beta.index)

SE = pd.concat([v for k,v in SE.items()], axis=1)
SE.columns = self.beta.columns
return SE

elif self.errortype == "HC0":
vcv = self.vcov
SE = {}
for idx, vals in vcv.items():

SE[idx] = pd.DataFrame(np.sqrt(np.diag(vals)))
SE[idx].index = list(self.beta.index)

SE = pd.concat([v for k,v in SE.items()], axis=1)
SE.columns = self.beta.columns
return SE

elif self.errortype == "HC1":
vcv = self.vcov
SE = {}
for idx, vals in vcv.items():

SE[idx] = pd.DataFrame(np.sqrt(np.diag(vals)))
SE[idx].index = list(self.beta.index)

SE = pd.concat([v for k,v in SE.items()], axis=1)
SE.columns = self.beta.columns
return SE

elif self.errortype == "HC2":
vcv = self.vcov
SE = {}
for idx, vals in vcv.items():

SE[idx] = pd.DataFrame(np.sqrt(np.diag(vals)))
SE[idx].index = list(self.beta.index)

SE = pd.concat([v for k,v in SE.items()], axis=1)
SE.columns = self.beta.columns
return SE

elif self.errortype == "HC3":
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vcv = self.vcov
SE = {}
for idx, vals in vcv.items():

SE[idx] = pd.DataFrame(np.sqrt(np.diag(vals)))
SE[idx].index = list(self.beta.index)

SE = pd.concat([v for k,v in SE.items()], axis=1)
SE.columns = self.beta.columns
return SE

def _tstats(self):
if self.errortype == "standard":

tval = self.beta / self.se
return tval

elif self.errortype == "HC0":
tval = self.beta / self.se
return tval

elif self.errortype == "HC1":
tval = self.beta / self.se
return tval

elif self.errortype == "HC2":
tval = self.beta / self.se
return tval

elif self.errortype == "HC3":
tval = self.beta / self.se
return tval

def _pvalue(self):
if self.errortype == "standard":

pval = pd.DataFrame(np.round(stats.t.sf(abs(self.tstats), self.nobs - self.nvars), 4) * 2)
pval.columns = self.beta.columns
pval.index = self.beta.index
return pval

elif self.errortype == "HC0":
pval = pd.DataFrame(np.round(stats.t.sf(abs(self.tstats), self.nobs - self.nvars), 4) * 2)
pval.columns = self.beta.columns
pval.index = self.beta.index
return pval

elif self.errortype == "HC1":
pval = pd.DataFrame(np.round(stats.t.sf(abs(self.tstats), self.nobs - self.nvars), 4) * 2)
pval.columns = self.beta.columns
pval.index = self.beta.index
return pval

elif self.errortype == "HC2":
pval = pd.DataFrame(np.round(stats.t.sf(abs(self.tstats), self.nobs - self.nvars), 4) * 2)
pval.columns = self.beta.columns
pval.index = self.beta.index
return pval

elif self.errortype == "HC3":
pval = pd.DataFrame(np.round(stats.t.sf(abs(self.tstats), self.nobs - self.nvars), 4) * 2)
pval.columns = self.beta.columns
pval.index = self.beta.index
return pval

def _confints(self):
if self.errortype == "standard":

tcrit = stats.t.ppf(q=1-.05/2, df=self.nobs - self.nvars)
lwr = (self.beta - tcrit * self.se)
upr = (self.beta + tcrit * self.se)
return lwr, upr

elif self.errortype == "HC0":
tcrit = stats.t.ppf(q=1-.05/2, df=self.nobs - self.nvars)
lwr = (self.beta - tcrit * self.se)
upr = (self.beta + tcrit * self.se)
return lwr, upr

elif self.errortype == "HC1":
tcrit = stats.t.ppf(q=1-.05/2, df=self.nobs - self.nvars)
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lwr = (self.beta - tcrit * self.se)
upr = (self.beta + tcrit * self.se)
return lwr, upr

elif self.errortype == "HC2":
tcrit = stats.t.ppf(q=1-.05/2, df=self.nobs - self.nvars)
lwr = (self.beta - tcrit * self.se)
upr = (self.beta + tcrit * self.se)
return lwr, upr

elif self.errortype == "HC3":
tcrit = stats.t.ppf(q=1-.05/2, df=self.nobs - self.nvars)
lwr = (self.beta - tcrit * self.se)
upr = (self.beta + tcrit * self.se)
return lwr, upr

def _loglik_aic_bic(self):
if len(self.y.shape) == 1 or self.y.shape[1] == 1:

raise ValueError("There must be more than one response variable"
"to fit a multivariate linear model")

n = self.nobs
n2 = n/2
k = self.nvars
mod = lstsq(self.X, self.y, rcond=None)
rss = mod[1]
ll = -n2 * np.log(2 * np.pi) - n2 * np.log(rss/n) - n2
aic = np.round(-2 * ll + 2 * k, 0)
bic = np.round(-2 * ll + np.log(n) * k, 0)
return pd.DataFrame({"-2logLik": ll, "AIC": aic, "BIC":bic},

index=list(self.y.columns))

# MLM child class
# ========================================================================
class MLM(BaseMLM):

"""
An MLM subclass for BaseMLM. Aggregates methods specific to the MLM estimation.
: returns summary methods for MLM
"""

def __init__(self, data, endog=2, exog=2, errortype="standard"):
super().__init__(data, endog=endog, exog=exog, errortype=errortype)
self.model_estimates = self._model_estimates()
self.model_stats = self._model_stats()
self.model_summary = self.model_summary()

def _model_estimates(self):
if self.errortype == "standard":

dflist = [self.beta,
self.se,
self.tstats,
self.pvalue,
self.confints[0],
self.confints[1],
self.std_beta]

keys = list(self.y.columns)
df2 = {keys: value for keys, value in enumerate(dflist)}
results = {}
for i in keys:

results[i] = pd.DataFrame({x: df2[x][i] for x in df2})
cols = ['Est.', 'Std Error', 't', 'Pr(>|t|)', '0.025', '0.975', 'Std Est.']
for v in results.values():

v.columns = cols
return results

elif self.errortype == "HC0":
dflist = [self.beta,

self.se,
self.tstats,
self.pvalue,
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self.confints[0],
self.confints[1],
self.std_beta]

keys = list(self.y.columns)
df2 = {keys: value for keys, value in enumerate(dflist)}
results = {}
for i in keys:

results[i] = pd.DataFrame({x: df2[x][i] for x in df2})
cols = ['Est.', 'Robust SE', 't', 'Pr(>|t|)', '0.025', '0.975', 'Std Est.']
for v in results.values():

v.columns = cols
return results

elif self.errortype == "HC1":
dflist = [self.beta,

self.se,
self.tstats,
self.pvalue,
self.confints[0],
self.confints[1],
self.std_beta]

keys = list(self.y.columns)
df2 = {keys: value for keys, value in enumerate(dflist)}
results = {}
for i in keys:

results[i] = pd.DataFrame({x: df2[x][i] for x in df2})
cols = ['Est.', 'Robust SE', 't', 'Pr(>|t|)', '0.025', '0.975', 'Std Est.']
for v in results.values():

v.columns = cols
return results

elif self.errortype == "HC2":
dflist = [self.beta,

self.se,
self.tstats,
self.pvalue,
self.confints[0],
self.confints[1],
self.std_beta]

keys = list(self.y.columns)
df2 = {keys: value for keys, value in enumerate(dflist)}
results = {}
for i in keys:

results[i] = pd.DataFrame({x: df2[x][i] for x in df2})
cols = ['Est.', 'Robust SE', 't', 'Pr(>|t|)', '0.025', '0.975', 'Std Est.']
for v in results.values():

v.columns = cols
return results

elif self.errortype == "HC3":
dflist = [self.beta,

self.se,
self.tstats,
self.pvalue,
self.confints[0],
self.confints[1],
self.std_beta]

keys = list(self.y.columns)
df2 = {keys: value for keys, value in enumerate(dflist)}
results = {}
for i in keys:

results[i] = pd.DataFrame({x: df2[x][i] for x in df2})
cols = ['Est.', 'Robust SE', 't', 'Pr(>|t|)', '0.025', '0.975', 'Std Est.']
for v in results.values():

v.columns = cols
return results

def _model_stats(self):
"""
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The summary of the model statistics: RSE, F, R , Adj. R
:return: A DataFrame of model statistics
"""

self.all_stats.drop(columns=["evar"], inplace=True)
self.all_stats.rename({"k": "K",

"dfe": "DFE",
"rse": "RSE",
"num": "DF1",
"denom": "DF2",
"f-stat": "F",
"p-value": "P-Value",
"r2": "RSQ",
"adjr2": "Adj. RSQ"},
axis="columns", inplace=True)

return self.all_stats

def model_summary(self):
"""
A summary of model coefficient estimates and goodness-of-fit indices.
:return: A tuple of DataFrame model esimates and statistics.
"""

table = self.model_estimates
ftable = self.model_stats
loglik = self.loglik

return table, ftable, loglik
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